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Abstract 

• 1-^ - 

X 

^ Using the Hopf fibration and starting from a four dimensional noncommutative 

Moyal plane, x M^, we obtain a star-product for the noncommutative (fuzzy) R| 
defined by [x*, x^] = iXeij^x^. Furthermore, we show that there is a projection function 
which allows us to reduce the functions on M| to that of the fuzzy sphere, and hence 
we introduce a new star-product on the fuzzy sphere. We will then briefly discuss how 
using our method one can extract information about the field theory on fuzzy sphere 
and M| from the corresponding field theories on x M| space. 



1 Introduction and Preliminaries 



In the past two years, motivated by string theory [1], the theories on noncommutative Moyal 
plane has been extensively studies (for a review see [2]). The Moyal plane can be defined 
through the functions of operator valued coordinates X* satisfying 

[x\x^]^ie'^ , i^i, ■■■,(!, (1.1) 

where G*-' is a constant anti-symmetric tensor. We will denote such spaces by Mq. Let us 
restrict ourselves to the noncommutative spaces (not space-times) and take d = 3. In this 
case, always there exists a rotation which reduces the non-zero components of Qy to two*, 
e-g- ©12 = —©21 = and therefore Mq ~ x R. As the first generalization of the Moyal 
plane one may consider Qij to be linearly X dependent, i.e. 

[X\ P] = iXe'^^X^ , i = 1, 2, 3 . (1.2) 

We will denote this space by the R^. It has been shown that these spaces can also arise 
within string theory [3, 4, 5, 6]. The Eq.(1.2) resembles the su{2) algebra whose generators 
are In fact in general X^'s are in reducible representations of su{2). The irreducible 
representations of that algebra given by (2 J -|- 1) x (2 J + 1) hermitian matrices, will reduce 
the to what is called the fuzzy sphere, S\ j [7, 8, 9, 10, 11, 12] ^. In other words the fuzzy 
sphere S^ j is determined by the algebra (1.2) subjected to 

^X,2 = AV(J+1), (1.3) 

1=1 

i.e. the radius of the fuzzy sphere is given by Aa/ J( J + 1). Therefore the full R| can be 
obtained when we consider the set of fuzzy spheres with all possible radii: R| = XI jLo "^a j- 
We should warn the reader that R| in the A ^ limit will not reduce to R'^ [8]. This will be 
seen more explicitly in section 2 (and in particular subsection 2.3). It has been shown that 
the fuzzy sphere in certain limits can be reduced to the commutative sphere S"^ and also the 
Moyal plane R^ [14]. 

In order to formulate physics on noncommutative spaces, one should be able to pass 
to the language of fields (functions) instead of operators, where the algebra of operators is 
*We would like to comment that this is not always possible for the compact noncommutative three 

manifolds such as noncommutative three torus. 

'^Recently there have been a complete review over the field [13]. 
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translated to the algebra of functions on a proper space, though with a product different from 
the usual product of functions. This product is usually called star-product. In fact there 
exists a one-to-one correspondence (called Weyl correspondence) between the operators and 
the functions [15, 16]: given an operator Of 

Of = Jdk e''-^f{k) , (1.4) 

the corresponding function is^ 

f{x) ^ J dk e'^-^'fik) . (1.5) 

Then, the algebra of X will induce a star product on functions: 

OfOg ^ J dkdp e'^-^^P-^f{k)~g{p) 

= y"dA;dpe*('=+^')-^-5'=*f^[^''^'l+-/(fc)^(p) . (1.6) 

For the case of Moyal plane, the above Hausdorff expansion terminates and then we obtain 
the so-called Moyal star product 



d a 



OrO.^f^g^e f{x)g{y%=y. (1.7) 

It is easy to check that ★ x^ = x^x^ -\- and hence {x\ x^} = x^ -k x^ — x^ -kx^ — iQ'^K 
In running the above Weyl- Moyal machinery we have implicitly assumed that 

gife-x ^ — ^ ^ik-x equivalently e*'''^ = {ekf^''' ^ I -\- ik ■ x - ^^ {k ■ x) -k {k ■ x) -\ . 

However, to obtain the algebra (1.1) we do not necessarily need to impose this condition 
(which is in fact a special way of ordering, the Weyl ordering) . More explicitly one can define 
infinitely many star-products all resulting in the same algebra. For example, in Eq. (1.7) if 
we add a general symmetric matrix to G*-^ we will find the same algebra as before. This is 
equivalent to taking 

x' ★ x^ = x'x^ + + A'^ , (1.8) 

where ^l^-^'s are constants and A*-' = A^"^. In fact, the above generalized star products 
correspond to different ways of ordering in the operator language. For the case if we 
choose A*-' = ^5*^ (this is always possible with a proper rotation), we will obtain a new star 
product in which 

■tWe only consider the functions which admit the Fourier expansion. 
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More precisely, different star products of (1.9) resulting from different orderings can be 
related by introducing the proper weight functions into the "Tr" over the algebra (which in 
the Moyal case is simply integral over the whole space). Physically this means that instead 
of the usual simple waves we are expanding our fields in terms of wave packets of the width 
v/172. It is easy to show that the above star product will lead exactly to the same field 
theory results as the Moyal star product. More explicitly different noncommutative versions 
of a given field theory (corresponding to different star- products resulting from different A^^^s) 
are all related by a field redefinition 

Another natural way of ordering arises if instead of Fourier expansion we use the Laurent 
expansion of the functions and the corresponding harmonic oscillator basis [17]. Let us 
consider IR^ and define 

+ (LIO) 



^29 

then [z,z]i, — 1. Any function f{x^,x^) can be expanded as 



f{z,z) = J2fmnZ"'^'' . (1.11) 



n.m 



Now replacing z and z by harmonic oscillator creation and annihilation operators a and 
we will obtain the corresponding operator which is "normal ordered". We will show in 
section 2 that this normal ordering yields in the following star product: 

z*z — zz + l, z*z — zz, (1-12) 

which exactly corresponds to Eq. (1.8) with A^^ — ^5'^^. 

In order to study field theories on the M| we need to build the corresponding star product. 
Along the above arguments, depending on the ordering we use for the operators we will find 
various star products on (and similarly on S^ j). If we take the Weyl ordering (i.e. 
imposing the condition (ei*r)*'^'^ = ^tk-x^ ^ji]^ ^j^g following star product 

x' ★ x^ = x'x^ + — e'^^Xk . (1.13) 

However, this star product is not so convenient for doing field theory on M| (it is suitable for 
perturbative expansions in powers of A) . In this work using the normal ordering of operators 
on the Moyal plane, we obtain a new star product on ]R|. To obtain the star product we 
start with a four dimensional Moyal plane, x M^, parameterized by Zi, Z2 and choose the 
^We are grateful to L. Susskind for a discussion on this point. 
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star product induced by the normal ordering. Recalling the Hopf firbration for M.\ [13], we 
show that the algebra of operators on R| (for A = ^) is equivalent to a sub-algebra of the 
functions on Rg x which are invariant under Zi e*"zi and Z2 — * e*"2;2, or equivalently 
]R| ~ (Mg X Mg) / S^. In this way one can read off the form of the star product in ]R| induced 
by the star product on the four dimensional Moyal plane. In other words there exists a 
dictionary which allows us to translate the algebra of functions and hence the field 
theory on that, into that of x M^. As we discussed, the representations of the M.\ can 
be understood as a sum of irreducible representations on fuzzy spheres with different radii. 
We show that there is a projection operator, Pj, which projects the functions on ]R| on the 
S\ j. Hence we can extend our dictionary to translate the field theories on the fuzzy sphere 
in four dimensional field theories on the Moyal plane. 

The paper is organized as follows. In section 2, we first review the harmonic oscillator 
basis and coherent states and then use this basis to extract a new star product on the Moyal 
plane. We use this star product to read off the induced star product on the We also 
show how the operators (and functions) and in particular the derivative operators on are 
related to the four dimensional operators (and functions). In section 3, we introduce the 
projection operator Pj which enables us to single out an irreducible (2J + 1) x (2 J + 1) 
dimensional representation out of the algebra of functions on the R^. We have moved some 
other useful identities involving Pj to the Appendices. In section 4, we discuss how using 
our dictionary the field theories on R^ and the fuzzy sphere can be studied through field 
theories on the four dimensional Moyal plane. The last section contains our conclusions and 
discussions. 



2 Star Product On 

In this section, first we will review and generalize the star product deduced from coherent 
states [8, 11, 18] and then we will construct the star product on fuzzy three-dimensional 
vector space R^ and its projection on the fuzzy spheres with given radius. 

The sphere can be interpreted as the Hopf fibration 

S^ = {ze C^; zz = p^} ^ S^ = {x= {x\ x^ x^) e R3} (2.1) 

with 

x'^l^a'jipzp , 1,2,3 (2.2) 
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where the bar denotes complex conjugation and (T*'s are Pauli matrices. In this approach 
fields are functions of complex variables Za, Za, ot = 1,2. The relation zz = leads to 
= a;°^, with 

Since are invariant under the transformation 

z ^ e'" ^ , z^ e"'" z , 

the above Hopf fibration can be viewed as coordinates on 5"^ — CP^ = S'^/?7(l). 

To get a noncommutative version of the above Hopf fibration it is enough to make the 
coordinates Zol and be noncommutative: \za,Zji\i, = dap (with the ^-product defined in 
Eq.(1.12)). Then the corresponding operator language is obtained by replacing coordinates 
Za and Za with the creation and annihilation operators of a two dimensional harmonic oscil- 
lator Oq and a)^ 

We note that the coordinates Za are scaled so that they are dimensionless (as in Eq.(l.lO)) 
and hence 9 is scaled to one. However, 6 can always be reintroduced on a dimensional 
analysis. 

Given 



1 
2 

it is straightforward to show that 



X' = ::aial,f,ap (2.4) 



(if we reintroduce 9, the above will become [X*, X^] = iOe^^^X^). This is the key observation 
which relates x to the R| (with A = ^) . In this section using the above realization we 
obtain an explicit form of the star product on R^. 



2.1 Coherent States 

Let |ni,n2) represent the energy eigenstates of the two-dimensional harmonic oscillators 
whose creation and annihilation operators a]^ and a^, (a = 1,2), satisfy the above commu- 
tation relations. To any vector i* e one can assign a coherent state 

Z7. t 

1^1,^2) = 1^ =e-^e^«'^"|0,0) (2.5) 
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where zz = z^Za- The coherent states \z) are normahzed {z\z) = 1, form an (overcomplete) 
basis for the Hilbert space H and are eigenstates of the annihilation operators aa\z) = Za\z). 
They are not orthonormal but satisfy 

(rf|i) = e-^^-*+*^^ (2.6) 

The completeness relation reads 

j di,{z,z)\z){z\ = l, (2.7) 

where dfj,(z,z) = ■^dzidzidz2dz2 is the measure on the two-dimensional complex plane C^. 

To any operator / belonging to the algebra generated by the creation and annihilation 
operators, we can associate a function /(F, z) belonging to the algebra of functions on xM^ 
denoted by Ai and generated by Za and 

{z\f\z) = f{zrz). (2.8) 

Then the product of operators corresponds to an associative star product of the correspond- 
ing functions as 

(/*^)(z,l) = {Afg\^ = j di,{fj,r,){Am{v\m- (2.9) 

To get the explicit form of the star product (2.9), following [18] we introduce the trans- 
lation operators 



e-^«9|:+^«afc/(f,|) = e(''«-^«)afc : /(f,f) (2.10) 

where : : means that the derivatives are ordered to the right in each term in the Taylor 
expansion of the exponential. Substituting (2.10) into (2.9) and performing the integration 
we obtain 

{ficg){z,z)^f{z,z) exp— — g{z,z). (2.11) 

This is a new star product which is resulting from the normal ordering in the operator 
language. We note that this ^-product is different from the Moyal star product [18]. 
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Besides the coherent states \za) we have the usual two dimensional harmonic oscillator 
basis |ni, 

However, it turns out that for our purpose (reduction of the four dimensional algebra to that 
of M|) it is more convenient to use the Schwinger basis: 

U,m) = -^l^=-p^=|0,0) (2.12) 
a/(j +m)! V(j - m)\ 

where j — 0,|,l,....oo and m runs by integer steps over the range —j<m<j. The 
coherent state can be expanded in the \j, m) basis 

\^ = E 4=Tt E -^'"-r'" 1^' ^) (2.13) 

WUn — . 

Now we consider the sub-algebra ^3 C Aa generated by X*, whose corresponding sub- 
algebra of functions ,43 C A.^ is generated by — ^Zaci^^zp. Noting that (X^X^ + l) = 

(X'^) ) commutes with all X^'s (i.e. [X^, f{X'^)] — for any function /), one can define 
the ^3 algebra as the sub-algebra of A4 whose elements are commuting with X°, i.e. 

yf{a\ a) e A , [X', /] = ^ / e ^3 . (2.14) 

At the level of functions the commutator with X'^ corresponds to the derivative operator jCq: 

t[X^J] ^ Cof = \{zj^ - Zada)f{z,z) . (2.15) 

Therefore, the elements of the algebra A3 are functions of Za and Za subjected to Cof{z, z) — 
0. We would like to stress that the operator jCq is in fact a derivative operator with respect 
to the star product (2.11): 

Co{f *g) = {Cof)^g + f*{Cog) , (2.16) 

and hence the sub-algebra ^3 is closed under the star product (2.11), i.e. , f,g & A3 then 
f * g e ^3. Using this property and the fact that all the elements of A3 can be represented 
as functions of and x^, one can rewrite the star product of (2.11) in terms of x"s and their 
derivatives. To start with, we recall that 

_9_ _ 1 , ^ 
dz^ ' 2'^''f'^dx^ ' 
d 1 d 



dza 2 dx 



<pzp . (2.17) 



Note that the above expressions are only true when derivatives are acting on the functions 
in ^3. Now using the relation 



we obtain the desired star product in terms of the coordinates x^ 



{f*9){^) = exp 



f{u)g{v) 



(2.18) 



for any functions f,g& A3. Note that the exponential in the expression of the star product 
(2.18) should be understood by its Taylor expansion. We would like to stress that our new 
star product (2.18), similar to that of Eq.(2.11) is associative. From Eq.(2.18), it follows 
that 



X i^x-' 



a;V + -(5^V + ie^^'V) 
x^x' + \x' 

Zi 



(2.19) 
(2.20) 
(2.21) 



where we have used the fact that x° = ^ x^x^ and hence ^ — To show the relations 
(2.20) and (2.21) one can use the following equivalent definition 



(/*^)(x^x") = / ( + ^(5^^x° + ie^^'V)^,a;" + ^-x 



d 



d 



2 dy' 



y=x 



The above is vahd for any function which admit Taylor expansion. Using (2.19) it is easy to 
check that 



[x\x% = ie'^^x^ 



(2.22) 



Furthermore, 



\x\x'] 



0, 



SijX'^ ^x^ — x^ X — x^ ^ {x^ + 1). 



The equation (2.22) shows that the algebra ^3 equipped with the star product (2.18) can 
be viewed as an algebra of functions on the R| endowed with a Euclidean metric 5ij. It is 
easy to see that the star product (2.18) is invariant under the classical SO{3) group. This 
SO (3) symmetry of M.\ is the residual symmetry of the Poisson structure in x which 
is Usp{l) X Usp{l) moded out by the U{1) factor. We would like to note that, as it is clear 
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from our construction, there are two ways for computing the star product of any functions 
of a;*'s, to use definition (2.18) or, to consider function as functions of Za and Za and use 
(2.11); and of course the result would be the same. 

It is worth noting that if instead of the four dimensional star product of (2.11) one uses 
the usual Moyal star product, the reduction to a three dimensional star product which is 
expressible only in terms of a;"s, unlike (2.18), will not have a simple form. 



2.2 The Measure 

To formulate field theory on we need to find the corresponding measure which should 
depend only on a;*'s and should be related to the four dimensional measure on x given 
by 

djjL{z^ z) — —^dz\dz\dz2dz2- (2.23) 

TT 

Let us write Za in a more convenient basis 

zi = Rcose3e'^\z2 = i?sin^3e'^^ 
with < 6*3 < I and < 9a < tt. In this coordinate system the measure takes the form 

dii{z,z) = -^R^dRsm203d203d0id02 . 

One can easily check that and a;" (and hence any function of them) depend only on R, 
— 26*3 and (j) = 02 — 0i- Therefore, without any loss of generality we can write 

/-I poo pTT r27r 

dfx{z,z)f{x\x^) = — R^dR sm0d0 d(l)f{x\x^), (2.24) 
2vr Jo Jo Jo 

where we have performed the integration over 62+61 which gives a factor of 27r. Remembering 
that R^ = zz = 2x^, x"s in this basis will be of the form 

x^ — x'^ sin cos 0, x^ — x'^ sin sin 0, x^ — x° cos 0, 

with '^{x^y — {x^y, which is the spherical coordinate basis. Finally the measure can be 
expressed as 

/ dn(z,z)f(x\x^) = - I x°dx^ f sm0d0 f d(l)f(x\x^)= ! ^ f(x\x°) . (2.25) 

J Jo Jo Jo J 

That is, the measure on M.\ differs from the usual d^x in a factor of ^. This in particular 
imphes that the radial part of the fine element for M^, which is the set of all possible fuzzy 
spheres with different radii, is different from the usual IR^. However, the measure on the 
fuzzy sphere which is the angular part of the measure of M| remains the same as usual. 
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3 Reduction to The Fuzzy Sphere 



The fuzzy sphere, j, following the discussions in the introduction, is defined as (2J + 1) x 
(2J+ 1) irreducible representation of the su{2) algebra of In this section, introducing a 
proper projection operator, Pj, we show how the star product of functions on M| can also 
be used as the star product on fuzzy sphere j. 



3.1 The Projection Operator, Pj 

Let Aj denote the algebra of operators on the fuzzy sphere of radius J, Si j (defined through 
Eqs. (1.2), (1.3)). An arbitrary element of Aj, fj, can be expanded in the Schwinger basis 
for fixed J: 

J 

/J= E fi,m'\J,m){J,m'\, (3.1) 

m,m'=—J 

on the other hand the operator f E A3 can be written as * 

00 

f = Y.fo- (3-2) 
Therefore to reduce the algebra ^3 to that of S\ j, Aj, it is enough to project it as 

fj = pypj , (3.3) 

where 

Pj= \J^^){J^M ■ (3.4) 

m=—J 

It is easy to check that Pj is a (rank 2 J + 1) projection operator, i.e. 

oc 

Pi^Pj, PjPk^SjkPk, E^-^ = 1- (3.5) 

J=0 

Pj can also be studied as an operator in A^. Noting the definition of the \j, m) basis 
(Eq.(2.12)), it is straightforward to check that 

a^Pj = Pj^iaa, a^Pj = Pj+ia^ (3.6) 



*Note that an arbitrary element of A4 can be expanded as / = J2j,j',m,m' frn,m'\j^''^){j' '''^'l^ while, 
elements of ^3 are of the form / = J2j m m' fm,m' li' The latter follows directly from the definition 

of the is (Eq. (2.14)). 
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and therefore 

[aJa„,Pj]=0. (3.7) 
From (3.6) we learn that the projected creation and annihilation operators are zero: 

«Ja = Pjf^aPj = > aja = PjaaPj = , 

and (3.7) results in 

[X\Pj]^0, (3.8) 

or equivalently Pj is only a function of X^, and hence any function in ^4.3 commutes with 
Pj. (This can be used as another equivalent definition for ^3.) Then, 

/ e As, fj = PifPj = fPj , (3.9) 

and hence 

A J = PjAs = AaPj = PjA^Pj . (3.10) 

The operator Pj can also be expanded in terms of the coherent states. First we recall 
Eq.(2.13): 

j = 00 _££ ™-=i 

= E 1% ' = ^77^, E . (3.11) 
i=o y\'^2)-m=-3 

We note that are orthogonal to each other ( j = for any j 7^ /c) but not normalized 

to one. With the definition of |^j's and Pj we have 

Po\^ = (3-12) 

and therefore 

P3 = / M^^Mjji^l ■ (3-13) 



The above operator relations can be written in terms of functions and the corresponding 
star products (2.11) or (2.18). However, we are interested in the explicit form of the function 
corresponding to Pj. To obtain that one can use the coherent states: 

i^PM = J^^'^Tz^r = (^^"''°(2x°)2-^ = Pj{x') . (3.14) 

Then Eq. (3.5) will read as 

Pj{x') * PKix") = SjKPKix") (3.15) 
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with the star product given in (2.18). To show this last equation we should expand Pj{x^) 
in powers of a;° and then use the following identity: 

{xY*Pj{x')^{xyPj^i, (3.16) 

with Pj-i = for J — I < 0. The proof is shown in the Appendix 1. 

3.2 More on the Projection Operator Pj 

So far we have shown how using projection operator Pj, the algebra of functions on Mg x 
and on W\ {A4 and ^3 respectively) can be reduced to that of the fuzzy sphere, Aj defined 
by Eq. (3.10). In this subsection we would like to elaborate more on the projection operator 
Pj and its properties. 

Let us define fj as 

fj{z,z)^j{z\f\^j = {z\PjPj\^ = Pj^f^Pj , (3.17) 

for any / G A.i- It is clear that, by definition fj is a function in Aj. If we start with the 
operators in ^3 instead (i.e. / e ^3) then 

fj{x\x') = {z\fPj\^ ^f*Pj = Pj*f , (3.18) 

and f{x\x'^) = Yl'jLo fj{^\^^)- With the above definition we have 

if*9)j^fj*9j 

and 

fj * 9j' = 0, J ^ f . 
By a simple analysis one can show that the x-dependence of fj{x\ x^) is of the form: 

fjix\x')^fj{x')Pjix') , (3.19) 

where = ^ are the angular part of a;*'s. In other words: 

fj(x')^(fi.Pj)/Pj. (3.20) 

Here we will show some more identities involving Pj (some more are gathered in Appendix 
I) which turns out to be useful in working out the field theory manipulations on the fuzzy 
sphere. The generators of the algebra Aj are 

x'j = x^ ★ Pj{x^) = x'Pj_i (a;°) = Jx'Pj{x^) . (3.21) 
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projected on the S\^j, as we expect gives the radius J, i.e. 



(3.22) 



To evaluate the above star products either of (2.11) or (2.18) may be used. In the same way 
one can show that: 

[x\ x% ^ Pj(a;°) = ie'^'^x'' ★ Pj(a;°) = ie'^^x) , 
0, 

Sijxij ★ 4 = + ■ (3-23) 

Hence, Xj can be viewed as coordinates of a sphere of a given radius J embedded into the 
fuzzy space M.\. Each sphere is described by the algebra of functions Aj C ^3 generated 
by Xj. The spheres of different radii < J < 00 fill the whole or in terms of algebras 
^jI^qAj — A3. Finally we would like to present an important identity, the proof of which is 
shown in the Appendix: 

f(x')i.x'^f(x')x\ (3.24) 

where = and therefore any function of the angular coordinates 5* commutes with any 
function which only has a radial dependence. This is in fact what one intuitively expects as, 
the radial coordinate x^ labels different representations of the su{2) algebra. 



Xj-kXj 



4 Field Theory on and The Fuzzy Sphere 

In previous sections we have given the necessary mathematical tools to construct the and 
the S\ j algebra of the operators, the algebra of functions and the star product on them, in 
terms of the four dimensional Moyal- plane, R^ x R^. In addition, introducing the projection 
operator, Pj, we discussed how the fuzzy sphere algebra is resulting from that of R)[. In 
this section as an application of our mathematical construction we show how the action of 
field theories on R^ and the fuzzy sphere are induced from the corresponding actions on the 
Moyal plane. And hence we can deduce field theoretical information on R^ and S^ j from 
the more familiar and simpler case of the Moyal plane. However for reducing the actions, 
besides what we have already introduced one should know what are the derivative operators 
on R^ in terms of the derivative operators on Rg x Rg. These derivatives are needed for 
writing the kinetic terms of actions. In this section we show that the derivative along the 
radial coordinate of R|, as we expect, is a discrete one. 
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4.1 Derivative Operators 



The derivative operators are generally operators which satisfy the Leibniz rule with respect 
to star product: 

Vif*g)=Vf*g + f^Vg. 

In the Moyal plane, where the noncommutativity parameter is a constant, the usual da and 
da are proper derivative operators. However, it is easy to see that the usual di = ^ are not 
good derivatives with respect to the star product of (2.18). It is clear that, in the operator 
language, any operator which acts as a commutator will satisfy the Leibniz rule. (In the 
Moyal plane i.e., [ua, 0] < — > da4> and [al^, 0] < — > —da4>-) 

In section 3, we showed that jCq (given by (2.15)) is in fact a derivative operator with 
respect to the direction which is moded out for reducing x to R^. Prom the su{2) 
algebra of R^, which is the algebra of angular momenta, we learn that i[X^, . ] give the 
proper derivatives, but not all of them; yet the radial derivative is not specified. In terms of 
functions: 

i[X\^] ^ C,cP={z\z[X\4>]\z)^'-aip{zadp-zMH^,^) ■ (4-1) 

One can explicitly show that Ci do satisfy the Leibniz rule with respect to star products of 
(2.11) and (2.18). Using (2.17) one can re- write Ci in terms of and di, and of course the 
result is the usual angular momentum operator, i.e. Ci = eijkX^dk- 

As we discussed the radial coordinate x° can only take discrete values of j = 0, |, 1, • • •. 
Therefore, the derivative in this direction is expected to be a discrete difference; and hence 
it is not necessarily fulfilling the Leibniz rule. On the other hand we note that despite 
being a derivative, is not a hermitian operator. One can check that the operator 

^ = ]^{Zada + Zado) , (4.2) 

which corresponds to x^-^, is the hermitian operator which appears in the kinetic terms of 
the actions. To show that A is in fact acting hke a discrete derivative it is enough to note 
that 

AP,. = 2x°(P,_i/2 - P,) = {2jP, - {2j + l)P,+i/2). 
Hence for any arbitrary function of x 

j=o j 
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we have 



= 5^^(xVPj^AP,(a;°) = 2J(0j(x)-0j_i/2(x))Pj, (4.3) 

which clearly shows that A gives the expected discrete derivative. 

We have introduced four hermitian operators which are the proper derivatives expressed 
in terms of x', x° and can be used instead of da and d^- We also note that 

[Lo, A] = , [Lo, A] = , [A, A] = . (4.4) 

The equation (4.4) confirms our previous arguments on the reduction of the A4, algebra to 
^3 and Aj. 

We close this part by the comment that for the formulation of field theories one should 
also include the time direction which is commutative with the space directions. The time 
derivative is therefore the same as the usual. 



4.2 Field Theories on x 

Along our previous discussions, given a field theory on x x R (M stands for the time 
direction) the corresponding field theory on M| x ]R is obtained by restricting the fields to 
be only x-dependent (or elements of ^3 algebra) . As an explicit example let us consider the 
scalar theory on x x R 

S= jdtdi^{z,z) {dt(t>i<dt(t>-da(t>i<da(t> + V,{(t>)) , (4.5) 

where the star products are that of (2.11) and \4 is the potential term in which all the 
products between 0's are carried out with the star product of (2.11). We should remind the 
reader that with the star product (2.11), unlike the Moyal star product, 

J dii{z,z) f-kg^ J d^{z,z) fg , (4.6) 

i.e. we cannot remove star product in the quadratic terms of the action. However, still we 
have the cyclicity of the star product inside the integral, 

j dn{z, Z) fi-k f2-k----k j dlJ,{z, Z) fn-k fi-k----k . (4.7) 
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And the same is also true for the star product of (2.18): 

/ ~r •^l(^) -^2(2;) ^ ■ ■ ■ ^ fn{x) = J ^ fn{x) -k fi{x) -k ■ ■ ■ -k fn-l{x) . (4.8) 

Restricting to be only x-dependent, the potential term is replaced with the same 
functional form of 0, with the star product of (2.18). The kinetic term is more involved, 
because e ^3 (£o0 = 0), we cannot conclude that 9^0, 9^0 e ^3. However, with a little 
algebra one can show that 

0^n40 = ^0^(x°aiai0) . (4.9) 

RecaUing the discussion of section 2.2, one can write the action (4.5) in terms of M)[ x M 
parameters: 

S = J dt'^i^dt<P*dt<f>+^<f>*{x'>d^di<P) + V,{<P)^ . (4.10) 

We would like to comment that, since di are not derivative operators with respect to the star 
product (2.18), the spatial part of the kinetic term should be handled with a special care. 
On the other hand if one tries to use the "proper derivative" (i.e. A,>Cj), as it is shown in 
Appendix II, the form of kinetic terms of the action are not as simple as inserting the star 
product into the commutative expressions. 



4.3 Field Theories on the Fuzzy Sphere 

In this section we would like to discuss how using our formalism one can study field theory 
on the fuzzy sphere Sf j. As we have previously discussed in subsection 3.2, any function / 
on M.\ can be written as 

where x'' = ^ are the angular part of a;*'s, and /j(5i*) is the corresponding function on Sfj 
given by Eq.(3.20). It is easy to show that 

TrPj = ^(j, m\Pj\j, m) = ^ < J,m\J,m > 

j,m m 

dfi{z,z)Pj{z,z) 
dh 



J TTX^ 
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which is giving the dimension of an irreducible representation of spin J. Using the above 
observation one can, therefore, deduce the field theory on the fuzzy sphere starting from the 
one on M.\ by simply performing the integration over and dividing the result by the factor 
2 J + 1 for a sphere of radius J. Then as a result we have 

jt^^-h^-----fnJ-J^j^ih-h-----fn)-Pj (4.11) 

where the star product of the functions defined on Sl^j is defined in terms of the star product 
(2.18) of the corresponding functions on ]R| through equation (3.20). Now the action for a 
scalar field, for example, on the fuzzy sphere of a given radius J will be expressed in as 



1 f d^x 

Sj = j^j--^ J dt ^{di4> * dt4> - Ci4> * + VM) * Pj , (4.12) 

and as we have already explained, performing the integration over the x° part will result in 

dt —{dt4>j*dth-^ih*^ih + V4h)) ■ (4.13) 

Noting the fact that any (2J+ 1) x (2J + 1) hermitian matrix can be expanded in terms 
of spherical harmonic, Yi^ I < 2J, instead of working with matrices, spherical harmonics 
are usually used for field theory manipulations on the fuzzy sphere. So, to complete our 
dictionary for the fuzzy sphere, we would like to show how the Yi^s can be expressed in 
terms of x coordinates. This will automatically lead to the proper star product between the 
yjm's. The classical spherical harmonics, are a set of orthonormal functions obeying 

jC^,Yl,m = l{l + l)Yi,m, 

C,Yi,m = mYi^m- (4.14) 

Following [8] we introduce the highest weight functions in Az algebra 

^M(^) = X]c,y x'^-kPj (4.15) 

3 

where x+ = x^ + zx^ and q are normalization factors. Then, by virtue of (3.16), for each 
term (of specific value of j) in the sum / = 0, 1, . . . , 2j and in addition C+ipi^i = for all 
(^ < 2j). In order to reduce on the Sl j, one should multiply (4.15) by Pj: 

Kii^) = ""J^ ^+ *Pj^ 1<2J . (4.16) 



'^Note that, unlike the commutative case, any function on can be expanded through the spherical 
harmonics. 
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Acting on with the operator £_ will lead to the functions (4.14) * 

y^m = Nu^^r'^i^ii (4.17) 

where m runs by integer steps over the range —l<m<l. Any function in S\ j can be 
expanded in terms of Y^^^ as 

^j{x) = Y,^i,^yiU (4-18) 

(/,m) 

where the sum over (Z, m) means Z = 0, • • • , 2 J; —l<m<l, and a;,^ are complex coefficients 
obeying 

a;,_^ = (-)-<^ , (4.19) 

which guarantees the reality condition $*(x) = $(a;). However, wc note that in (4.16) still 
there is dependence, which can be removed by integration over or simply by dividing 
byPj: 

= y'jpj , (4-20) 

and therefore, any function $ on S^ j can be expanded as in (4.18) 

^j{x) = J2 ^l,mYlin , (4.21) 
(l,m) 

where now 1^"^ depend only on the angular part of x as it should be. 



5 Discussion 

In this paper we have constructed a dictionary which translates different descriptions of M.\ 
(the set of fuzzy spheres with all possible radii) or the fuzzy spheres into each other. The fuzzy 
sphere and ]R| may be studied through the operators which are functions of the coordinates 
X*, the generators of the su{2) algebra. On the other hand always there is a corresponding 
algebra of functions with the proper star product which is equivalent to the operator algebra. 
The latter is the appropriate language for performing field theories. Starting from the four 
dimensional Moyal plane and reducing that on a circle, we have constructed and from 
there we read off the star product induced from the Moyal plane. Then we discussed how 
■tHere we will not try to compute the exact values of the normalization factors which are very important 

if one wants to do explicit field theory calculation. 
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the algebra of functions on the fuzzy sphere can be reahzed as different sectors of the algebra 
of functions on ]R| (and of course with the same star product). If we reintroduce 9 in our 
expressions, we would obtain a factor of 9 in the exponential factor in the Eq.(2.18). Then, 
it can be checked directly from the definition of our star product (2.18) that in the A (or 9) 
— > limit we will find the usual product of functions. 

Here we have concentrated on completing the mathematical tools. Using our results 
one can easily study the field theories on a fuzzy sphere through the Moyal field theories. 
As a result we would like to mention about the IR/UV mixing, which is a general feature 
of noncommutative Moyal field theories. So, using our method, we expect to be able to 
trace the same phenonemon for the fuzzy sphere field theories. This, in fact has been 
expficitly checked by using the spherical harmonics [12, 19]. There are several interesting 
open problems one can address here. Using our formulation we have a straightforward way 
of introducing fermions on the fuzzy sphere, starting from the fermions on the Moyal plane. 
Furthermore, we have a simple handle on the vector gauge fields on the fuzzy sphere. 

The other interesting question is the solitonic solutions on the fuzzy sphere [20, 21]. In 
our approach, one can easily obtain the solitonic solutions on the fuzzy sphere from the 
solitonic solutions on the Moyal plane which respect the rotational su{2) symmetry. As 
an explicit example we would like to note that the fuzzy sphere itself can be thought as a 
solitonic solution in the Moyal field theory; as it can be identified with the projector, Pj. 
We postpone a full study of such solutions to future works. 
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Appendix I. Proof of some useful identities have been used in the paper 

The proof for Eq.(3.16): 
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To show the above we should perform the star product exphcitly, i.e. 

with C^'- = ^il2i-n)\ - ^^^^^ ^i-Pj — fff'^o-Pj, where = is the derivative with respect to 
x^, after straight forward calculations one can show that 

21 

2"-' 



21 ^ 



n=0 

On the other hand it is easy to check that 
Therefore 

I for j < Z . 

Equivalently one can prove the Eq.(3.16) using the operator language. Prom Eq. (3.6) it 
follows that 

: {xY ■■ Pj = (^)''< • • • <,aai • • • aa,A = {\fai^ ■ ■ ■ ai^Pj_ia^, ■ ■ ■ a«,, . 
Applying the coherent states we will find Eq.(3.16). 



Some more identities 



1 . 



x 



'ji.x'j = x'i. x^ ★ Pj(x°) = {x'x^ + -{S'^x^^ + ie'^'^x'')) ★ Pj(x°) 



J( J - ^)x'x^ + -J{5'^ + ie'^^x^) 



and 



1 



(2J- 2)! 



2 (2J- 1)! 
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from which we deduce 

J J ^3 J J ^ ^ (2J-2)! ^ ^ 2 (2J-1)! ^ ^ 

= + = J(J+l)P,(a;°) . 

An other important relation is the star product between x° and 

^ 2 5xJ ^ 



x^x* + -x^ 



1 . , 5*-^ x^x^ 



2'^ 'x^ 



which in turn results in Eq.(3.24). Then using the above relations one can check that 
{x'fi.Pj{x') = {x'fi.{xYi.Pj{x'') = {x'fi.{{xYPj_i{x'')) = {x'fPj^iix'') . 



Appendix II. More on kinetic terms 

If we write the kinetic terms of the four dimensional theory as 

(f) -k D^cf) , 

where 

□4 = dada . 

Then, for 0's with CqcJ) = 0, in terms of the three dimensional derivatives we have: 

-0 ★ (x°n40) = ★ {CiCi + AA)(/) + ★ A0 . 

The last term (f)-kA(j) is there because A is not a derivative (or in other words, it is a discrete 
derivative in the radial direction). On the other hand, we note that 

x°n40 = □4(a;V) - - A(/) . 

Consequently, we obtain 

-0 ★ □4(xV) = * (AA + AA)0 + 0*0. 

As another way of writing the kinetic term we have 



[(04 + 2)0] . 
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